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Abstract. Redescription mining is a broadly applicable field of data
mining tasked with creating algorithms that discover subsets of data that
allow multiple rule-based characterizations. Discovering re-descriptions
is important in many scientific fields such as biology, medicine and ecol-
ogy. However, as with many other data mining algorithms, the result
of redescription mining can be a large set of objects, making it hard to
analyze and understand by the domain experts. Thus, recent efforts aim
to provide smaller sets capturing the essence of information that is to be
conveyed to the experts. One such approach is to produce a redescrip-
tion set of a fixed size, where its cardinality is set by the user. The main
technique to produce fixed size sets is to use a multi-objective optimi-
sation with scalarisation. The result is a greedy heuristic approach that
iteratively selects a Pareto optimal redescription from a large pool of
redescriptions and adds it to the set being constructed. In this work, we
show that such output sets can be improved using local search procedure,
opening the potential for future research of various heuristic approaches
for fixed sized redescription set construction.

Keywords: Redescription set construction - Local search - Multi-objective
optimization.

1 Introduction

Various data mining tasks, such as itemset mining [5], association rule mining
[1], subgroup discovery [15,24] and redescription mining [21| are tasked with
development of algorithmic approaches that allow detection and interpretable
presentation of various types of knowledge contained in the input dataset. This
knowledge is often presented as a set of rule-based objects, where each object
describes a different subset of data instances. Given a set of n instances and
the minimal size of a subset ms, one can produce >, _ (2) different k-subsets
of a set of n instances. This demonstrates that the size of data mining algo-
rithm outputs can potentially be very large. Additionally, multiple rule-based
objects can describe the same subset of instances, making this problem even
more pronounced.

Because of this, the majority of recent data mining algorithms contain tech-
niques to remove insignificant patterns, duplicates or very similar objects. These
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techniques include traversing the lattice of itemsets [1], using beam search [17],
greedy updates of fixed size with various filters [7], alternations with trees of
fixed depth with various filters [21,19] etc. Despite these algorithmic advance-
ments, the size of their outputs can still be too large to effectively manage.
Thus, approaches from various fields define optimization functions that capture
the essence of the properties of what should be the representable or desired out-
put set for a given task and the application domain (e.g. [16,19]). Then, often
by performing a combinatorial multi-objective optimization, they select only a
subset of produced objects that maximize or minimize the objective function.

In this work, we study a multi-objective minimization problem designed to
create a fixed-size redescription sets [19], allowing user-defined preference to be
incorporated into the optimization process. This task differs from a standard
multi-objective optimization problem where one searches for the whole Pareto
front, since many non-dominated solutions are not usable in the studied domain.
We empirically compare the performance of the existing greedy approach [19]
that constructs a fixed size redescription set from a larger pool of available
redescriptions to the output sets produced by adopting local search procedure
for this task, using identical pool of redescriptions. Additionally, we compute the
lower bound on quality scores of the output sets given a predefined cardinality of
the output sets and the available pool of redescriptions for five studied problems
consisting of two-views each.

2 Definitions and notation

The input datasets for a task of redescription mining consist of a sequence of data
tables. The set of all attributes is denoted V. All data tables contain the same
set of instances F, but each data table contains a mutually disjoint set of at-
tributes, which is a subset of V. A set of attribute group mappings, called views,
are denoted W = {Wy,Ws, ..., Wy }. For an instance e; € E, Wp(e;, j) returns
the value of the j-th attribute in the p-th view. In general, views can contain
mutually different numbers of attributes. A query ¢ is a logical formula consist-
ing of a set of numerical, categorical or Boolean attributes with corresponding
attribute value constraints and logical connectives: conjunction, disjunction or
negation. The set of all instances described by a query is denoted supp(q). A re-
description R = (q1, 42, - - ., gk) is a tuple of queries, where g; contains attributes
from W;. supp(R) = supp(g1) N supp(gz) N --- N supp(qgr) denotes the support
set of a redescription. attr(R) and attrs(R) denote the multi-set and set of all
attributes contained in the queries of R. o = |supp(R)| is a redescription sup-
port set size and p; = [supp(q;)|/|E| a query marginal probability. We denote
a set of redescriptions with R and m = |Rouiput|- Important redescription and
redescription set evaluation measures can be seen in Table 1.

Definition 1. Given a set of instances E, a set of attributes V' describing these
instances, a set of views W, a query language Q, a similarity measure M and a
constraint set C, the task of redescription mining is to discover all redescriptions
satisfying constraints in C.
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Table 1. Redescription and redescription set evaluation measures.

Measure definition Description
— Tsupp(q1)Nsupp(gz)N--Nsupp(qx)] ipti
J(R) = ‘Sﬂ«pp(qi)USupp(qz)U~~Usupp(q:)‘ Redescription accuracy

p(R) = SV (BT po)™ - (1 =TT, ) B Redescription statistical
significance

AEJ(R;) = ﬁ . leill J(supp(Ri), supp(Rj)), i # j| Average redescription
instance redundancy
AAJ(R;) = \73\%1 - Z‘ng J(attrs(R;), attrs(R;)), i # j|  Average redescription
attribute redundancy

comp(R) = |attrs(R)|/c, lattrs(R)| < c Redescription complexity
comp(R) = 1, ¢ < |attrs(R)| ¢ - user defined
psc(R) = logio(p(R))/17+ 1, p(R) > 1077 Redescription significance
pse(R) =0, p(R) < 1077 score
AEJS(R) =Y per AEJ(R)/|R] Redescription set
instance redundancy
AAJS(R) = > ger AAJ(R)/IR] Redescription set
attribute redundancy
AJS(R) = X per(1 = J(R))/IR] Redescription set
accuracy score
ApS(R) = > per (Psc(R))/|R] Redescription set statistical
significance score
AcompS(R) = 3 per(comp(R))/IR| Redescription set
complexity score
ERCS(R) =1—|Ugrer supp(R)|/|E| Redescription set
coverage of instances
ARCS(R) =1 — | Ugrer attrs(R)|/|V| Redescription set
coverage of attributes
w; > 0 User-defined

preference weights
MINRCR,,,, |Rl=m W1 - AJS(R) 4+ w2 - ApS(R)+ Redescription set

ws - AEJS(R) + ws - AAJS(R) + ws - AcompS(R)+ optimization function
we - ERCS(R) + w7 - ARCS(R)

M equals the Jaccard index [11] and C usually contains minimal redescription ac-
curacy, maximal allowed redescription p-value and minimal/maximal redescrip-
tion support set size. A query language ) defines a set of valid queries.
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3 Related work

Mihel¢i¢ et al. [19] proposed a procedure to generate redescription sets of a fixed
size, taking into account user-defined preferences. A specifically designed multi-
objective function, used by the procedure, incorporates various redescription
and redescription set quality criteria. The resulting multi-objective optimization
problem is tackled using a scalarization method [9] in a combinatorial setting.
The solution to this set function minimization problem is a fixed-sized subset
of a set of all available redescriptions, where the output redescription set size is
defined by the user. Kalofolias et al. [13] presented an approach for redescription
ranking. It is related but strictly different task from creating a fixed-size repre-
sentative redescription set from potentially large sets of created redescriptions.
Lakkaraju et al. [16] defined a submodular multi-objective function to evaluate
decision sets. The function is formulated so that the maximum of the function
describes the best subset of rules (according to the evaluation criteria) from a set
of available rules. The resulting submodular set function maximization problem
was solved using the heuristic smooth local search [4].

Local search was used to create decision rules [3], to search for partial clas-
sification rules [22], in learning locally interpretable rule ensembles [14] and for
rule induction [10]. It was also used for multi-objective balanced classification
[23] and mining Pittsburgh classification rules [12].

4 Preliminaries on a greedy approach for fixed-size
redescription set construction

The greedy procedure [19] iteratively adds redescriptions from the set of all
produced redescriptions R, into a redescription set Roq¢ so that:

a) the first redescription is selected by computing:

RfiTSt = argminRERazz (wl . (1 - J(R)) + wa - pSC(R)+ (1)
ws - $CoT€oeyrml(R) + Wy - SCOT€ocurAt(R) + w5 - comp(R))
, where score,erp; measures the occurrence of instances in redescription
support sets, and score,e,ra; the occurrence of attributes in redescription
queries of redescriptions contained in Rj;. A redescription describing infre-
quently occuring instances with infrequently occurring attributes in Rgy; is
used as the initial (seed) redescription in redescription set construction.
b) other redescriptions are selected by computing:

).

. k k
Rpest = argminger,, w1 - (1 — J(R)) + wy (EpSC(R) + (1 - -

|supp(R)|

| ) + w3 - SCOT€ctemSim, Ryw: (R) + W4 - SCOT€qttrSim, Row, (R)+ (2)

ws - comp(R)
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, where k denotes the size of a redescription set under construction in the cur-
rent iteration, scoreciemsim, R, (R) is the maximum Jaccard index between
supp(R) and any redescription contained in the Ry, and scoreqiirsim, Ry, (R)
is the maximal Jaccard index between attrs(R) and a set of attributes of any
redescription contained in the redescription set under construction Roq:.

The procedure does not explicitly incorporate coverage, but it regulates the
weight of support size importance during redescription set construction. This, in
combination with redundancy measures, increases attribute/instance coverage
of the R,y It allows faster computation over the approach explicitly computing
coverage. There are two potential sources of error that can be improved with the
local search procedure:

1. Errors introduced due to the choice of the seed redescription.

2. Errors introduced by the greedy selection of candidate redescriptions. The
RSCP, with w; > 0,Vi, at each step chooses the Pareto optimal solution,
given current R,,;. However, dependencies between redescriptions make it
necessary to occasionally choose a redescription with a sub-optimal score
value to obtain the best possible Ry:.

5 The local search procedure for fixed-size redescription
set construction

The local search procedure first constructs an initial set using steps as in Greedy
approach from [19], but using a slightly modified optimisation function. Next, it
creates m candidate sets, where each set is constructed from a seed redescription
corresponding to one of the m redescriptions from the initial set of redescriptions.
This step aims to alleviate the first source of error of the greedy procedure. Next,
these sets are iteratively improved using a local search procedure by removing a
predefined number of redescriptions from the candidate sets and then completing
these sets using a greedy procedure. By removing random subsets of various sizes
from candidate sets, we address the second source of errors introduced by the
greedy procedure.

The local search procedure requires a methodology to complete redescription
sets from which a number of randomly selected redescriptions were removed.
Procedure from equation 2 is unsuitable since preference weight of redescription
support size changes with the size of the redescription set under construction,
irrespective of redescriptions already contained in it. Such procedure is adequate
for constructing redescription sets anew but not for their completion. Newly de-
veloped selection procedure from equations 3 overcomes the discussed drawback
by incorporating entity coverage criteria as a weight instead of current output
redescription set size.
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Rpest = argminger,, w1 - (1 — J(R)) + wa - (1 — ERCS(Rout)psc(R)+
|supp(R)|
|E|
Wy * SCOTCqitrSim, Rou (R)) + ws - comp(R) + we - ERC'Spew(R)+

wy + ARC Spew (R)

)
(ERCS(Rout)) : ) + W3 - SCOT€CelemSim, Rous (R)+
)

_ 1 |supp(R)N(E\(Ups e supp(R)))|
ERCSnew(R) =1 T\ e supp ()|

coverage of a redescription R. ARC Spew(R) =1 —

measures the added instance
lattrs(R)N(V\(Ug/ g attrs(R')))|
V\(Up crattrs(R))]
measures the added attribute coverage of a redescription R. FRC'S; ¢, (R) and
ARCS, e, (R), by convention, have values 1 for all tested redescriptions when
redescription set under development already covers all instances or attributes.
Update as in equation 3 is denoted mesU; in Algorithm 1, as in equation 2
mes, and the optimisation function for redescription set optimisation listed at
the bottom of Table 1 is denoted mes.

The procedure in Algorithm 1 constructs a redescription set of size m us-
ing steps from equations 1 and 3 containing coverage criteria (line 1, function
constructRS). Next, it uses each redescription from this set as an initial (seed)
redescription to construct a new candidate redescription set of size m, using a
procedure defined in equation 3 (lines 7 - 9, function compRS). This allows re-
ducing the error caused by the choice of a seed redescription. The original set
plus the m newly created sets of size m are candidate sets in the local search
procedure. All these sets are improved upon in the consecutive iterations. For
each candidate set, we create a number of sets obtained by removing a prede-
fined (decreasing) number of randomly selected redescriptions from the candi-
date set and completing these incomplete sets using procedure from equation 3
(lines 11 —16). A function removeReds (R, k) removes k random redescriptions
from a redescription set R, whereas the function compRS(R, ...) completes
the incomplete set R to required predefined cardinality using procedures from
equation 3. Next, we compare the candidate set to the newly created completed
sets and if better set is found, replace the candidate with the best completed set
(lines 17 —18). To evaluate a redescription set, we use the redescription set opti-
mization function from Table 1. Candidate selection is repeated for a number of
iterations, and the number of randomly removed redescriptions from candidate
sets is reduced in each consecutive iteration. These steps reduce the error caused
by the greedy nature of a redescription set construction procedure from [19].

5.1 Experiments

Algorithm 1 is applied to redescription sets produced by the CLUS-RM algo-
rithm [19] on 5 datasets, the Country [8], the Phenotype [2,20], the Mammals
[6], the DBLP [6] and the Bio [18] datasets. Characteristics of these datasets are
given in Table 2.
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Algorithm 1 Local search procedure for redescription set optimization

Require: available redescriptions R, output redescription set size m < |Rqu/, num-
ber of iterations numit, iteration change coefficient ¢¢Ch, exploration strategy st
Ensure: Rout, |Rout| =m

ycurrlt do
Rine < removeReds(Re, 1)
Remes  compRS(Rine, m, Rai, mesUi), tmp < tmp U {Remes }

if st == L then indexSet; < (m —1) —i-itCh, i =0,...,|

> multi-threaded computation
for R € Rmes do R,  compRS({R}, m, Rau, mesUr), ¢ < cU R,

currlt < numlt, Rmes = construct RS (Raqi, m, mesUr)

-1
?thhJ

else indexSet; + (m —1)/itCh*, i =0,..., |logitcn(m — 1)]

> multi-threaded computation

> multi-threaded computation

Rmmes < arg min mes(R € tmp)
if mes(Rmmes) < mes(R.) then ¢ + ¢\ {Rc} U Rmmes

1:
2: ¢+ Rumes, indexSet «+ ()
3:
4:
5: end if
6: for i € indexSet do
7: if i==m — 1 then
8:
9: end for
10: else
11: for R. € cdo
12: tmp < 0
13: for j=1,...
14:
15:
16: end for
17:
18:
19: end if
20: end for
21: end if
22: if st == L then currlt+ = itCh
23: else curritx = itCh
24: end if
25: end for

26: return arg mingecmes(R)

Table 2. TW; denotes the attribute type of the i-th view (N - numeric, B - Boolean).
ES, denotes the approximate size of the exploration space when |Rout| = x.

D |E| | V] [ Tw, |[Twy|  |Raul ESso ES100 ESa200
Country | 199|361 | N | N [[2936,3262]|~ 1.0 - 10"}~ 3.4 - 10'% |~ 4.3 - 10%'°
Mammals |2575| 242 | B | N |[1969,3054]|~ 2.6 - 10"%*|~ 2.2 - 10'"%|~ 1.5 - 10°"°
Phenotype| 92 |1230| N | N | [407,585] |~ 4.9-107° |~ 6.9-10"*|~ 1.2-10'*!

DBLP |6455(6759| B | B | [188,292] |~ 7.1-10°% |~ 1.5-10% |~ 1.0-10%"

Bio  [34754523| N | N |[2073,3412]|~ 1.0 - 10'?|= 4.7 - 10'"?|~ 1.3 - 10?%*

5.2 Algorithmic parameters

In all experiments, we used Predictive Clustering regression trees of depth 8. In
addition to the main search guiding trees, we used a supplementary random for-
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est with 6 trees. We utilized redescription query minimization, the redescription
refinement procedure and allowed the use of logical conjunction, disjunction and
negation operator to construct redescription queries. Maximum redescription
support set size was set to ~ 0.8 - |F| on all datasets. Minimal redescription sup-
port size was set to 5 on the Country, Phenotype (dataset with small |E| < 200)
and the DBLP dataset (sparse data) and on 10 on the Mammals dataset (dataset
with medium-sized |E| < 5000) and the Bio dataset (|E| < 4000). Maximal re-
description p-value of 0.01 was used in all experiments. The minimal redescrip-
tion Jaccard index of 0.7 was used on the Bio dataset, 0.5 was used on the
Country, the Phenotype and the Mammals dataset and 0.3 on the sparse DBLP
dataset. We used 5 random restarts (initializations) on the Country and the
DBLP datasets, 6 on the Phenotype dataset and 2 on the Mammals and the Bio
dataset. 20 iterations per a restart was used on the Country, 50 on the Pheno-
type, 5 on the DBLP and the Bio and 2 on the Mamamls dataset. Scores of R,
produced from Ry, as described in [19], where best redescription selection in
each iteration is performed following the procedure from [19] (denoted s,,4) and
a modified procedure from equation 3 (denoted sg), are compared to scores of
Rout constructed using Algorithm 1 for output redescription sets of size 50 and
100. Experiments for different output set sizes are independent. Iteration change
coeflicient of 4 was used with st # L and numlt = 10.

To approximate the ideal objective vector, we first computed the m most ac-
curate, the m most significant and m redescriptions with the smallest complex-
ity from Rg;;. This gives us the ideal value for AJS, ApS and AcompS. AEJS,
AAJS, ERCS and ARC'S are approximated using redescription set construction
with preference weights (0.01,0.01,0.94,0.01,0.01,0.01,0.01), (0.01,0.01,0.01,
0.94,0.01,0.01,0.01), (0.01,0.01,0.01,0.01,0.01,0.94,0.01) and (0.01,0.01,0.01,
0.01,0.01,0.01,0.94). Non-zero weights are used to preserve the property of ob-
taining Pareto optimal solution at each step of the procedure.

5.3 Results

Figure 1 demonstrates the variability in final redescription set scores when dif-
ferent seed redescriptions are used to create output redescription sets. Measured
variability is relatively small (< 0.004) demonstrating present, but relatively
moderate influence of a seed redescription on a final redescription set quality.
Finally, we report the score of the best redescription set obtained in each
iteration of Algorithm 1, starting from the redescription set obtained by the
greedy approach from [19]. The value of the approximation of the ideal objective
vector given R is denoted m;,,, and the difference of the best obtained solution
to the ideal objective vector is denoted dpest ion- The initial starting set so used
in Algorithm 1 equals the set obtained by the greedy procedure from [19], where
the best redescription is computed using a modified procedure from equation 3.

— Country
® [Rout| =50: 0.2383,,,,,
0.1709, dpest,ion = 0.062.

0.2346,,, 0.2344,,, 0.2335,,, 0.2329,,, Mioy =
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Fig. 1. Distributions of the mes score of the m candidate sets obtained by utilizing
each redescription from Rmes as a seed redescription on the Country (top left), the
Phenotype (top right), the Mammals (middle left), the DBLP (middle right) and the
Bio (bottom left) datasets. Measurements are performed for output redescription sets
of cardinality 50 and 100.
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e |Rout| = 50 : 0.2189, 0.2144,,, 0.21104,, 0.21044,, 0.20975,, Mioy =
0.1142, dyest,ion = 0.096.
® [Rout| =100 : 0.2214,, , 0.21404,,0.2129,,,0.2117,,,
0.2112,,,0.2111,,, Mioy = 0.1325, dpest,ion = 0.079.
— Phenotype
® [Rout| =50: 0.2908,, .,
0.2283, dpest,iov = 0.047.
® [Rout| =100: 0.2917,  , 0.2839,,0.2832,,,0.2831,,,
0.2831,,,0.2831,,, Mioy = 0.2380, dpest,ion = 0.045.
— DBLP
® [Rout| =50: 0.3196,,, ,
0.2204, dpest,iov = 0.080.
® |[Rout| =100 : 0.3096,,,,, 0.30554,,0.3051,,,0.3043,,,
0.3039,,,0.3039,, Mioy = 0.2565, dpest,ion = 0.047.
— Bio
® [Rout| =50: 0.2465,, ,
0.1704, dpest,ion = 0.073.
® [Rout| =100 : 0.2487,  , 0.25354,,0.2519,,,0.2515,,,
0.25104,,0.25095, , Mioy = 0.1757, dpest,ion = 0.072.

0.2751,,, 0.2751,,, 0.2749,,, 0.2748,,, Moy =

0.3024,,, 0.3005,,, 0.3002,,, 0.2999,,, Mgy =

0.2538,,, 0.2525,,, 0.2519,,, 0.2516,,, Moy =

The presented experiments show that the local search procedure outperforms
the greedy procedure from [19] on 4 out of 5 datasets. The biggest improvement
was achieved on the DBLP dataset with output size of cardinality 50 equalling
1.97% od optimization function value range (relative improvement of 6.6%). Im-
provement (decrease of redescription set score) is noticeable in each iteration of
Algorithm 1 on every dataset, indicating the ability of local search procedure to
correct the aforementioned errors of the greedy procedure. The largest increase
in output redescription set quality during the local search, performed using Al-
gorithm 1 was ~ 0.47% of the function value range and the relative improvement
of ~ 2.24%. It was achieved on the Mammals dataset during the construction
of the output redescription set of cardinality 50. The difference to the ideal ob-
jective vector demonstrates there could still be place for improvement on all
studied datasets with the maximum potential improvement of up to 9.6% of the
objective function value range on the Mammals dataset.

Source code of the local search procedure can be found on Github:
https://github.com/matmih /RMLocalSearch.git.

6 Conclusions and future work

This work shows that the proposed local search procedure for fixed-size redescrip-
tion set construction can improve upon the existing greedy procedure on 4 out of
5 used datasets. The main two sources of error of the existing greedy approach for
fixed size redescription set construction: a) the choice of the seed redescription
and b) the greedy nature of the candidate selection, can be reduced using adapted
local search procedure. We have shown that output redescription sets can be im-
proved on each of the 5 utilised datasets, although obtained improvements are
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moderate. However, there is still room for improvement as demonstrated by the
ideal objective vector computation, which forms a lower bound of the obtainable
error given the predefined cardinality of the output redescription sets and the
available pool of redescriptions R ;-

The main drawback of the proposed procedure is the requirement to generate
and evaluate relatively high number of candidate redescription sets (depending
on algorithmic parameters), which can be time consuming. Fortunately, the over-
all execution times can be significantly reduced using parallel execution.

Future work should focus on adapting more advanced space exploration tech-
niques for fixed size redescription set optimisation. Some of the prominent candi-
dates are simulated annealing, evolutionary optimisation, bio-inspired optimisa-
tion algorithms, neural networks for combinatorial optimisation and increasingly
successful generative deep networks and ultimately the foundation models.
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