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Abstract. The process of extracting intricate geometric patterns from
biological structures poses a significant challenge, primarily due to the
fact that protein conformations manifest non-Euclidian geometry, exhibit
stringent structural constraints, and are characterized by multi-scale
dependencies. Existing diffusion-based generative models frequently em-
ploy Gaussian perturbations, which have the potential to restrict the
exploration of highly multimodal structural landscapes while concur-
rently compromising geometric consistency. To address this limitation, we
present a graph-based Lévy diffusion framework for learning and generat-
ing complex geometric patterns in protein structures. Protein geometry is
represented through graph Laplacian operators and incorporated directly
into a geometry-aware score function. To improve exploration of the pat-
tern space, conventional Gaussian noise is replaced with Lévy–Itō diffusion
dynamics, enabling occasional long-range transitions while preserving
local geometric structure. This combination of graph-based inductive
biases and heavy-tailed stochastic exploration enables the generation
of structurally plausible samples from complex biological distributions.
Experiments on protein structures from the Protein Data Bank demon-
strate the ability to accurately reconstruct protein distance maps while
maintaining controllable generative diversity. The results indicate that
our method effectively balances reconstruction fidelity and structural
variability, suggesting a promising approach for pattern discovery and
generative modeling in biological and other structured scientific datasets.

Keywords: Lévy distribution · bifractional Fokker–Planck equation ·
Lévy–Itō diffusion model · score function

1 Introduction

The discovery and generation of complex structural patterns in biological data are
central challenges in computational biology and drug design. Protein structures
are particularly difficult to model because they exhibit non-Euclidean geometry,
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strong structural constraints, and dependencies spanning multiple spatial scales.
Learning such patterns is important for applications including protein engineering,
molecular design, and therapeutic discovery. Recent score-based diffusion models
have achieved remarkable success in learning complex data distributions [4].
However, their application to geometric biological data remains challenging
because standard diffusion processes rely on Gaussian perturbations that can
distort geometric structure and limit exploration of highly multimodal pattern
spaces. As a result, maintaining geometric consistency while preserving generative
diversity remains an open problem for protein structure generation and related
tasks.

In this paper, we propose a geometry-aware score function for use in such
domains based on the graph Laplacian and a Lévy–Itō diffusion process. The
Laplacian allows the score function to exploit the geometry, while the Lévy–Itō
diffusion process maintains high fidelity while enabling diverse sampling. Specif-
ically, the process allows for intermittent long-distance steps during diffusion,
resulting in more efficient movements within the distribution of the geometry.
As such, we introduce a method that bridges the gap between expressive gen-
erative modelling and the strict structural requirements of geometric data by
directly incorporating inductive biases into the score estimation procedure. This
model better respects intrinsic constraints and multi-scale dependencies during
generation, while continuing to efficiently explore complex structural spaces.

The paper is structured as follows. Section 2 introduces the Lévy distribution,
the bifractional Fokker–Planck equation, and the heat kernel. Section 3 derives
the geometry-aware score function based on the graph Laplacian and Lévy–
Itō diffusion stochastic differential equations (SDEs). Section 4 presents the
experimental results, and Section 5 concludes the paper. All symbols appearing
in this paper are defined in Appendix A.

2 The Lévy Distribution, the Bifractional Fokker–Planck
Equation, and the Heat Kernel

Diffusion models generate samples by progressively transforming simple noise
into structured data through a sequence of denoising steps. As a result, the
choice of noise distribution strongly influences how effectively the model explores
the underlying pattern space. Most score-based diffusion models assume Gaus-
sian noise, leading to local and incremental updates throughout the sampling
process. While effective in many settings, this assumption can be limiting for
complex biological and geometric data, where the underlying distributions are
highly constrained, multimodal, and characterized by long-range structural de-
pendencies. Examples include protein structures, protein-ligand complexes, and
molecular conformations, where effective pattern discovery and generation require
exploration beyond local geometric variations.

Unlike the Gaussian distribution, which decreases exponentially for large
values, the Lévy distribution [1] is only suppressed by a polynomial factor. This
results in a heavy tail, meaning that large values have a non-negligible probability
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Fig. 1. Lévy distribution for various values of the stability index.

of occurring:

pL(x;α, γ, µ, σ) ∼
C±

|x|1+α

∣∣∣∣
x→±∞

. (1)

An advantage of incorporating heavy-tailed Lévy noise is that it allows for
occasional large jumps during diffusion, enabling the sampler to move efficiently
between distant regions of the geometric distribution, rather than settling for
small local updates. This facilitates exploration of highly multimodal spaces and
avoids mode collapse, leading to greater diversity in the generated samples.

Formally, the Lévy distribution does not have a closed form; rather, it is
defined by its Fourier transform, or characteristic function:

pL(x;α, γ, µ, σ) =

∫ ∞

−∞
φ(k;α, γ, µ, σ)e−2πikx dk, i =

√
−1, α ∈ (0, 2]. (2)

where

φ(k;α, γ, µ, σ) =


exp

[
ikµ− |kσ|

(
1 +

2iγ

π
sgn(k) ln |kσ|

)]
, α = 1,

exp
[
ikµ− |kσ|α

(
1 + iγ tan

(πα
2

)
× sgn(k)

(
|kσ|1−α − 1

))] , α ̸= 1.

(3)

The Lévy distribution has four parameters: a skewness parameter, a location
parameter, a dispersion parameter, and a stability index. The parameters de-
termine the degree of polynomial suppression. In our setting, these parameters
provide direct control over the stochastic behaviour of the Lévy–Itō diffusion,
allowing us to regulate the magnitude and asymmetry of perturbations during
sampling and thereby optimise the trade-off between reconstruction fidelity and
generative diversity. The Lévy distribution is illustrated in Fig. 1 for various
values of the stability index, and the corresponding heavy-tailed distributions
are shown in Fig. 2. The Lévy distribution reduces to the Gaussian distribution
when the stability index is equal to two.

A diffusion process can be viewed as a random walk associated with a proba-
bility distribution. The resulting behaviour is given by the Kolmogorov–Chapman
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Fig. 2. The heavy tails of the Lévy distribution for various values of the stability index.

Fig. 3. Lévy random walks for various values of the stability index.

equation. In the case of a Gaussian distribution, the Fokker–Planck equation [2]
is obtained. If a Lévy distribution is used instead, the outcome is the fractional
Fokker–Planck equation [2]. Fig. 3 illustrates that lower values of the index
allow for more thorough exploration of the solution space. Such exploration
is particularly desirable in biological applications, where important structural
patterns may occupy only a small fraction of the overall configuration space.
A non-Markovian random walk with memory can be achieved by introducing
a fractional time derivative into the inhomogeneous fractional Fokker–Planck
equation, resulting in a bifractional Fokker–Planck equation:

∂β
t u(x, t)− u(x, t0)

t−β

Γ (1− β)
= κ∆α/2u(x, t). (4)

The fractional time derivative is defined as

∂β
t f(t) ≜

1

Γ (−β)

∫ t

−∞

f(τ)

(t− τ)1+β
dτ, (5)

whereas the fractional Laplacian is defined in terms of its Fourier transform:

∆α/2· =
∫ ∞

−∞
dk exp(−2πik · x) ∥k∥α · . (6)

The fractional time becomes non-fractional when the fractional time index is 0.5.
Notably, the stability index is related to the fractal dimension of the process,
meaning that the bifractional Fokker–Planck equation is fractal by nature:

dF = α, 1 < α ≤ 2. (7)



Mining Geometric Patterns in Protein Structures 5

The bifractional heat kernel is the solution of the homogeneous bifractional
Fokker–Planck equation [2]:

∂β
t Kα,β(x, x0; t)−Kα,β(x, x0; t0)

t−β

Γ (1− β)
− κ∆α/2Kα,β(x, x0; t) (8)

= δ(x− x0)δ(t− t0). (9)

The solution may be obtained from the spectral decomposition of the Laplacian:

Kα,β(x, x0; t) =

∞∑
n=0

ϕn(x)ϕn(x0)Eβ

(
−tβλα/2

n

)
, (10)

∆ϕn(x) = λnϕn(x). (11)

The temporal evolution is determined by the Mittag–Leffler function,

Eβ(x) ≜
∞∑
k=0

xk

Γ (βk + 1)
. (12)

The corresponding discrete bifractional Fokker–Planck equation is obtained by
replacing the continuous Laplacian with the graph Laplacian:

∂β
t u− u0

t−β

Γ (1− β)
= κ(∆G)

α/2u, (13)

u0,u ∈ RN , ∆G ∈ RN×N . (14)

The resulting spectral representation provides a natural multi-scale description of
geometric structure, making it particularly suitable for learning complex patterns
in graph-structured biological data. As demonstrated in [3], the graph Laplacian
may be defined as

∆G = I−D−1/2WD1/2, I,D,W ∈ RN×N , (15)

∆G = (∆G)
T ⇒ Λ ∈ RN×N , ΦTΦ = ΦΦT . (16)

The weights and degrees are determined by the Euclidean distance between the
points forming the geometry:

W = [wij ], wij = ∥xi − xj∥2, (17)

D = diag[di], di =
∑
j

wij . (18)

As the graph Laplacian is symmetric, its eigenvectors are orthogonal. This enables
the fractional Laplacian to be evaluated in a computationally efficient manner:

(∆G)
α/2 = ΦΛα/2ΦT , O(|E|). (19)
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Equation above and the discrete counterpart of the heat equation are used to
find the solution to the homogeneous bifractional heat kernel:

Kt;α,β =

N−1∑
n=0

ϕnϕ
T
nEβ

(
−κtβλα/2

n

)
(20)

= ΦEβ

(
−Λα/2tβ

)
ΦT , Kt;α,β ∈ RN×N . (21)

This gives the closed-form transition density of the forward Lévy–Itō diffusion
and provides the fundamental object needed to define the graph noise corrup-
tion process and derive the reverse-time score-based generative dynamics. This
transition density forms the basis for learning and generating geometric patterns
within the underlying structural distribution.

3 A Geometry-Aware Score Function

Recall that a diffusion model consists of a fixed forward process that adds noise to
the data and a learned backward denoising process that iteratively removes noise
from the data [5]. From a pattern-mining perspective, diffusion models learn the
underlying distribution of complex structured data and generate new samples
by progressively recovering geometric and relational patterns from noise. For
Gaussian noise, the noising and denoising processes are given in their simplest
form by the following SDEs:

dxt = xtdt+ dwt, (22)
dxt = [xt −∇xt

pt(xt)] dt+ dwt. (23)

The score function cannot be evaluated directly; it must be evaluated using a
score matching technique [6,8,12] that employs transition probabilities instead of
non-tractable data distributions:

Ep(xt)

[
1

2

∥∥sθ(xt, t)−∇xt
log pt|0(xt)

∥∥2] (24)

= Ep(x0)pt|0(xt|x0)

[
1

2

∥∥sθ(xt, t)−∇xt
log pt|0(xt|x0)

∥∥2]+Ω, (25)

xt = [xt − sθ(xt, t)] dt+ dwt. (26)

The transition probability is given by a heat kernel, for which the gradient may
be evaluated [11]:

pt|0(xt|x0) ≡ K(x, x0; t) =
∑
n∈N

exp(−λnt)ϕn(x0)ϕn(xt), (27)

∇xt
pt|0(xt|x0) =

∑N−1
n=0 exp(−λnt)ϕn(x0)∇xtϕn(xt)∑N−1

n=0 exp(−λnt)ϕn(x0)ϕn(xt)
. (28)
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Replacing Gaussian noise with Lévy noise yields a Lévy–Itō diffusion process
[14]. The SDEs for noising and denoising are similar in form to their Gaussian
counterparts, but the score involves calculating the fractional Laplacian of the
gradient of the bifractional heat kernel and then taking its inverse:

dxt = xtdt+ dLt;α, (29)

dxt =

[
xt − α

∆(α−2)/2∇xt
pt|0;α,β(xt|x0)

pt|0;α,β(xt|x0)

]
dt+ dLt;α, (30)

pt|0;α,β(xt|x0) ≡ Kα,β(x, x0; t) =

N−1∑
n=0

Eβ

(
−λα/2

n tβ
)
ϕn(x0)ϕn(xt). (31)

The fractional score function is analytically intractable. Consequently, the gradient
of an eigenvector at a given point is approximated by the expectation of the
gradient on the first neighbourhood surrounding the point [15]:

∇ϕi ⇒ ⟨∇ϕi⟩j∈N (i) ≈ ∆Gϕi. (32)

Then the fractional score function may be evaluated as

∆(α−2)/2∇xtpt|0;α,β(xt|x0) ⇒ ∆α/2pt|0;α,β(xt|x0) (33)

=

∑N−1
n=0 Eβ(−λ

α/2
n tβ)ϕn(x0)∆

α/2ϕn(xt)∑N−1
n=0 Eβ(−λ

α/2
n tβ)ϕn(x0)ϕn(xt)

. (34)

The discrete fractional score function [9] is obtained similarly:

St;α,β = ∆
(α−2)/2
G ∇GKt;α,β (35)

⇒ ∆
(α−2)/2
G ∆GKt;α,β = ∆

α/2
G Kt;α,β , (36)

St;α,β =
ΦEβ(−Λα/2tβ)Λα/2ΦT

Φ
(
Eβ(−Λα/2tβ)

)2
ΦT

. (37)

To ensure numerical stability, the denominator is replaced with Penrose’s pseudo-
inverse:

∆
(α−2)/2
G ∇GKt;α,β ≈

(
ΦEβ(−Λα/2tβ)Λα/2ΦT

)(
ΦEβ(−Λα/2tβ)ΦT

)+

. (38)

The forward noising SDE and reverse denoising SDE are integrated using the
exponential Euler–Maruyama method [7]:

Xt+∆t = [A(t)Xt + L(Xt)]∆t+B(Xt, t)∆Lt;α, (39)
Xt+∆t = exp[A(t)∆t] [Xt + L(Xt)∆t+B(Xt, t)∆Lt;α] . (40)

Applied to the Lévy–Itō forward and backward equations, this results in

Xt+∆t = Xt∆t+∆Lt;α ⇒ exp[I(t)∆t] [Xt +∆Lt;α] , (41)
Xt−∆t = [Xt − αSt;α,β ]∆t+∆Lt;α ⇒ exp[−I(t)∆t] [Xt + αSt;α,β∆t+∆Lt;α] ,

(42)
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Fig. 4. The backbone of protein 1DP0 of the PDB.

where the Lévy process is given by

∆Lt;α ∼
[
(∆t)1/αpL(α, 0, 0, 1)

]
N×N

. (43)

These equations define the forward and reverse diffusion processes used to learn,
reconstruct, and generate complex geometric patterns in protein structures.

4 Experimental Results

We evaluated the proposed framework on protein structures from the Protein
Data Bank (PDB) [13]. These structures exhibit complex geometric organization,
long-range dependencies, and substantial variability across folds and structural
classes, making them a challenging benchmark for pattern learning and generative
modeling. The experiments were designed to assess the ability of the proposed
graph-based Lévy diffusion framework to capture, reconstruct, and generate
biologically relevant geometric patterns while preserving structural consistency.
An example of the proteins used is shown in Fig. 4, corresponding to PDB entry
1DP0. Protein structures were represented by pairwise alpha-carbon distance
matrices [10], which provide a compact and rotation-invariant representation of
protein geometry. As structured geometric patterns, these matrices encode both
local interactions and long-range dependencies, enabling the proposed graph-
based diffusion model to learn, reconstruct, and generate biologically meaningful
structural patterns across multiple scales. The distance matrix corresponding to
protein 1DP0 is shown in Fig. 5. We selected proteins with a range of amino acid
lengths to demonstrate the method’s versatility. The distribution of amino acid
numbers is shown in Fig. 6.

The time scale for the diffusion process spans the range from 0 to 10. Noising
was simulated with a step size of 0.05, resulting in 200 steps over the full time
horizon. Denoising was simulated using a larger step size of 0.5, requiring only 20
steps to traverse the same interval. This reduction in denoising steps was enabled
by the improved stability of the exponential Euler–Maruyama integration scheme.

During denoising, the stability index was increased from a low value, which
promotes exploration via heavy-tailed fluctuations, to a high value, which pro-
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Fig. 5. The distance matrix associated with protein 1DP0 from the PDB.

Fig. 6. The distribution of amino acid numbers in the dataset.

gressively suppresses large jumps and yields near-Gaussian, small-step updates:

α(t) = αmin +
αmax − αmin

T
t. (44)

The efficiency of the denoising process was evaluated using two metrics: the
relative Frobenius error, which is equivalent to the relative root-mean-square
error,

δF =
∥D−D0∥F

∥D0∥F
, (45)

∥D∥F =
√
tr(DDT ) =

√√√√ N∑
i,j=1

d2ij , (46)

and the absolute error:

δ|·| =
1

N2

∑N
i,j=1 |dij − d0;ij |

1
N2

∑N
i,j=1 |d0;ij |

. (47)



10 E Paquet, HL Viktor and W Michalowski

Table 1. Relative Frobenius error and relative absolute error for various values of the
stability index and the time index.

α β δF (%) δ|·|(%)

2 1 0.214± 0.083 0.217± 0.083
1.75 1 0.340± 2.032 0.325± 2.039
1.5 1 2.529± 10.517 2.522± 10.917
1.25 1 15.648± 26.653 15.742± 27.562
2 0.75 0.064± 0.019 0.056± 0.017

1.75 0.75 0.331± 2.569 0.308151± 2.65334
1.5 0.75 2.523± 10.088 2.495± 10.397
1.25 0.75 15.970± 27.624 16.135± 28.707
2 0.5 0.064± 0.018 0.056± 0.016

1.75 0.5 0.501± 3.914 0.482± 4.013
1.5 0.5 2.433± 9.629 2.416± 9.968
1.25 0.5 16.344± 27.580 16.509± 28.612

The calculations were conducted on a computing node comprising two Intel Xeon
Gold 6130 CPUs with 16 cores operating at 2.1 GHz, 192 GB of RAM, and
two Nvidia V100 GPUs with 32 GB of RAM each. The code was written in
Mathematica. The results are presented in Table 1.

Regardless of the fractional time index, reconstruction performance deterio-
rated when the stability index diminished. Optimal performance occurred when
the stability index was equal to 2, corresponding to a Wiener process. For the
fractional time index, performance improved substantially when the stability
index was equal to 0.5, i.e., when the process effectively becomes Markovian.
When both the stability and fractional time indices were equal to 2 and 0.5,
respectively, the reconstruction error was only 0.064%± 0.018 for the Frobenius
error and 0.056% ± 0.016 for the absolute error. The high degree of similarity
between these two metrics suggests that outliers were minimal. For comparison,
the largest error was generally within 15–16% for a stability index of 1.25.

Although the error was lower with a Wiener process and non-fractional time,
the uncertainty remained extremely low, suggesting overfitting. Conversely, using
a stability index below 2, together with fractional time, allows explicit control
of the fidelity-versus-diversity trade-off by increasing uncertainty while keeping
reconstruction error low. For example, setting the stability index to 1.75 and the
fractional time index to 1 yielded a Frobenius error of 0.340%± 2.032, indicating
high-fidelity reconstruction with meaningful sample variability. If greater diversity
is required, the stability index can be lowered to 1.5, further increasing uncertainty
and broadening exploration of the solution space.

The experiments reveal a clear trade-off between reconstruction fidelity and
pattern-space exploration. Higher stability indices produce highly accurate recon-
structions but generate relatively limited variability. In contrast, lower stability
indices introduce heavier-tailed perturbations that broaden exploration of the
structural pattern space, resulting in more diverse generated geometries while
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maintaining acceptable reconstruction accuracy. From a pattern-mining perspec-
tive, the proposed framework learns geometric structure through graph spectral
representations while using heavy-tailed diffusion dynamics to explore rare and
potentially informative regions of the structural distribution. The combination
of graph-based geometric priors and Lévy diffusion therefore provides a unified
mechanism for both pattern representation and pattern generation in complex
biological data.

5 Conclusions

We have introduced a graph-based Lévy diffusion framework for learning and
generating complex geometric patterns in protein structures. By integrating graph
Laplacian representations into a geometry-aware score function, the proposed
approach preserves structural relationships while enabling efficient exploration
through heavy-tailed Lévy–Itō dynamics. Experimental results demonstrate that
the method accurately captures geometric patterns while maintaining meaningful
diversity in generated samples. These findings suggest that heavy-tailed graph
diffusion provides an effective mechanism for exploring complex structural pattern
spaces and generating biologically plausible protein geometries. More broadly,
this work highlights the potential of graph-based diffusion models for pattern
discovery and generative modeling in structured scientific data. Future work
will focus on scalable graph diffusion architectures and applications to larger
biological networks and other graph-structured datasets.
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A List of Symbols

Symbol Description
α Lévy stability index. Controls the heaviness of the distribu-

tion tail and the frequency of long-range jumps.
β Fractional time index of the bifractional Fokker–Planck

equation.
γ Skewness parameter of the Lévy distribution.
µ Location parameter of the Lévy distribution.
σ Scale parameter of the Lévy distribution.
pL(x;α, γ, µ, σ) Lévy probability density function.
∆G Graph Laplacian matrix.
W Graph weight matrix.
D Graph degree matrix.
Λ Diagonal matrix of graph Laplacian eigenvalues.
Φ Matrix of graph Laplacian eigenvectors.
Kt;α,β Discrete bifractional heat kernel matrix.
St;α,β Geometry-aware score matrix.
x0 Original data sample.
xt Noisy sample at diffusion time t.
Lt;α Lévy process.
∆t Numerical integration time step.
δF Relative Frobenius reconstruction error.
δ|·| Relative absolute reconstruction error.
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